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UDC 539.3

ON VARIATIONAL INEQUALITY FOR AN OPERATOR
TI '

OF DYNAMICS OF ELASTIC ROD

A.M. KHLUDNEV

New formulation of the one-sided problem (variational inequality) for the operator
of nonlinear oscillations of a rod with restricted flexure, is given and substant-
iated. The method can be applied to other nonlinear problems. In the case of a
linear operator the method is reduced to the known methods with a given constraint
imposed on the velocity of motion.

In recent times a number of results have been obtained for the linear and nonlinear hyper-
bolic operators, with restriction imposed on the time derivative of the solution. As far as

the general hyverbolic overators are concerned the resulte obtained apnly only +o the linear
the general n Yperpolil Qoperators are coencerned, tne resu ATE ¢oDhtalneC apply only TC Tne linear

operators /1,2/. 1In particular /3/ gives the corresponding assertions for the linear theory
of elasticity. Concrete nonlinear cases are discussed in /4—7/. From the physical point of
view however, the most interesting variational inequalities are those in which a constraint
is imposed on the function sought /8/ (ox, of the parabolic operators are being discussed, on
the time integral of the solution, see /9/). Direct application of the penalty operator tech-
nique to such problem does not lead to results expected, since the corresponding estimates of
the solution are not available.
The operator of nonlinear oscillations of a rod has the form /10/
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Let =(0,0), Q=0 x{0,7T), H* (Q)=W," (Q) be the Sobolev space and Hy"(Q) C H™(Q) a sub-
space obtained by closure of smooth finite functions. The brackets (. ,-) denote the duality
between H-"(Q) (conjugated with H¢"(R)) and H ™ (Q), as well as the scalar product in L?(Q).
Let K be any closed convex space in H,*(Q) containing a null element and a set of internal
points int K of which is nonempty.
Theorem. Let F,Ge=Ll*(Q), woesH,
of functions v, w exists such that
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we L0, T H? (Q), v L™(0, T, He' (Q)),
W, v e L™ (0, T L ()
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The inegualityv holde for any o= L2(0, T H2{(OQW), o () = K almost evervwhere. and
The inequality holds for any @& L* (0, T; Hi2(Q)), g () = § b ;
w(0) = wy, v (0) = vy, w(t) & K almost everywhere (2)
Pyanf Wwe introduce +the nota+tion
Proof. We introduce the notation

¢
wy (0) = \ wt)ydt, v, ()= Sv () dt

Then (1) and (2) can be rewritten in the form (the asterisk is omitted)
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lef'(———g, U=vx’4,——:&—-wx’2
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2
<w” + Waxex — S (wy'U)sdr —f, ¢ — wl) dt >0

4
w,w S L¥0, T, HE(Q), v v &L%(0, T; H (),
w', v = L*{0, T, L2 (Q)

The inequality holds for any @ & L*(0, T; H* (Q), ¢ (1) = K almost everywhere, and w(0) = 0,
w (0) = wy, v(0) = 0,0 (0) = vy, w' () = K almost everywhere. Let PB(g)=J(p — Pxg), J: H?(Q)—
H™(Q) be the mapping of the duality and P, : Hy(Q)— K the projection operator /2/.Consider
a problem with a penalty, with fixed &> 0
¢
vo— \Undr=g,  Uemvie+-uid (3)
]

Dy g

t
'w; + Wexxxx = S (w;an)x dv + ‘_:“ ﬁ (w;) =.f
]

we (0)=0, w'{0)=ws, v:(0)=0, v/{Oy=ws

and we show that it has a solution. Let {y;} (j =1,2,..) be a basis in the space H,®(Q). We
shall seek the Galerkin approximations to this problem in the form (index ¢ is omitted)

wy ()= ié. Pin (&) 95> vy (f) = i§1 Gin O

The functions pi,(f), ¢in () satisfy the following system of ordinary differential equations:
¢

", )+ (§Un dr. i) = (8 99 4
Q@
¢
(1 $3) F Wnzzs Wiea) o+ (w0 v, i) 4 - B w0, 00 =0, v (5)
0
Wy (0) =0, wnl (0) == Wngy Vn (O) = Ov Vn/ (O) = VUnp (6)

Wy~ We in the norm of Hy*(Q), vyp—v, in the norm of H,'(Q). To obtain the a prioriestimates
for the problem (4)— (6) we first note that if w, & int K, then the approximations uw,, will
satisfy the same inclusion at sufficiently large n. Thus PB{w,)=0 and (4),(5) yield, at

t = 0 (the constant ¢; is independent of n and | .| is the noxm in L?*(Q))

Nw," O+ vn" O <

Differentiating now (4) and (5) with respect to ¢, multiplying the equations with index j by
95" (8), ps” () respectively and summing from 1 to n over j, we obtain

o Uen @1+ wnse O 1F + 100 O 1 4 1 Un @17 + — B (0’ ), 0" 0) = 6 @), va" ¢) + (F (), w," (¢)

The expression containing the penalty operator is nonnegative at almost all ¢, therefore re-
jecting it and integrating the resulting inequality, we obtain {r, is independent of n and
the maximum is taken over te=|[0, TD

max {{ wy" ()| + | whes O+ U0 DN+ IV O} <, (7)

We note that w,'fx are bounded in L~ (0, T; L*(Q)), therefore the boundedness of || U, ()]l implies
max [, () || < ¢; and hence
max {| wys D+l O} < ey (8}

The estimates (7) and (8) guarantee that the system (4), (5) has a solution on [0, 7l. Taking
into account the boundary conditions we conclude, that a subsequence exists, denoted as before
by w,, vy, with the following properties:

9
Wy, = w, W, —> 1w * — weakly in L={(0, T, H2{(Q) 9

Up— 0, 0, > 1 % — weakly in L= (0, T5; H (Q)

”

wy" > w', v, > "« — weakly in L=(0, T; L? (Q))
Moreover, by virtue of the Lions compactness lemma /2/ we can assume that

Wy — w0, strongly in L% (Q) (10}
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We shall show that the above convergence is sufficient for the passage to the limit in (4),(5).
The properties of the penalty operator imply that

B Ge,) — & weakly in L* (0, 75 II™(Q))
From (5) we obtain (assuming for the time being that ¢ 1
(", wy) + (L (. vy), wy') -H B (), w)) (/, uwy) (11)
The symbol (1. (u 2.). 1v) danotecs the evnraccion ch+ained Fram +ha cocen A mnd +hdvA fawm & (DY
mooLl | ns Yals no QEIOLES THRE SXPreSSion CLTALINeq Irom The sefond and Tnira term o1 (o),

after multiplying by w,. Let ¢ & L*(0, ') Hy? (). We write

Ay = <(f) (“'n - ﬁ ((P) “‘n, - ‘P)> 0
Here and henceforth the angular brackets denote integration with respect to ¢ from 0 to 7.
Substituting here (B (w,), w,’) from (11), we obtain

g o B Y. e @)
Un N AY /Y Y Y/

Below we shall show that (see (13
lim (L (wy,. vy), wn )y > <L (w, v), w'))

AN TE A Y sl "o
T2 T LA, Up)y Wy )2 — \\Wn » Wy )5

therefore
0 < lim a, € — KB (@), &' — @)y — (& @) — (f, W)y — (Llw, v), w')y — W', w')>

Taking from the limit equation w” + L (w, v) + § = f the quantity (w", w') and substituting it in-
to the above expression, we conclude that

B (g) — & g —w)y >0
Let us now take ¢ = w' -+ My, A — const, b = L (0, T; H,?(Q)) arbitrary and utilize the semicontin-
uity property of the operator f. This yields & ==f (w'). Using now (9) and (10), we can pass
to the limit in (4) directly, and this proves that the problem (3) has a solution.

The proof shows that the constants ¢, and ¢, in (7),(8) are independent of e. This means
that the functions w, and Ve Wwill satisfy the same inequalities. Therefore a convergence (9),
(10) with » replaced by & exists for the subsequence u%, V.. From the second equation of (3)
we find that B (w.)— 0 in L= (0, T; H?(Q)) and also (P (we'), we')> < ¢s8r €5 is independent of e.
The above two relations together with the fact that f is monotonous, yield, in the usual man-
ner, B(w) =0, i.e. v ({) = K almost everywhere. Let @& L?(0, T; H,2(Q)), ¢{f) = K almost
everywhere, i.e. P (¢ (¢)) = 0 almost everywhere. The second equation of (3) yields the inequal-
ity

t
(w; () + Wexxs (8} — S(wﬁ_ng)x dr —f{t), ¢ {t) — w, {th >0
0

for nearly all (< [0, T), therefore

i

!
<(w£ + Wexxnxs (P)> + <<S u"éer dr, (Px>> — <(U’ev we ) — <(f @ - we)> << exxxx T S (lL‘;ng)x dr, U/'g)> (12)
o 0

From the weak convergence we, 've, — w,'v, in L*(Q) follows

t ¢
gw;xv;x d-r—»Sw;v; dv weakly in L2(Q)
0 0

and, since w, — w, stron in L%(Q), then the passage is possible to the limit in right-

. The equality
, 1
L Wexxnn, We')) = =5 " Wexx (T) “2

holds. From (9) (with index n replaced by &) we now conclude that we(T)—> w(?) weakly in
H? (Q), therefore lim || werr (I || > 1l wax (T)||. Consequently the lower limit of the right-hand side

of (12) is larger than, or equal to
t

<<wxxxx_ S(wx,U)x dT, w’)> (13)
]

Passage to the limit in the left-hand side of (12) and in the first equation of (3) as e— 0

€511pws that ugsed in the Galerkin method and thies comnletes the oroof of the theorem
foliows tnat used in the Gaierkin metncd, anG ITnis completes the proll ©I The Thecoxem.

Introducing minor changes in the proof of the above theorem we can establish a result
relevant to the dynamic of an elastoplastic rod. Let the set K correspond to the yield con-

Al +4 ~An
QLTion

={ueEH:2(Q) | luxx | <{¢ almost everywhere in R}, ¢ — const > 0.
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Then we have the following theorem.

Theorem. Let F,Ge& L2 (Q), wy & H*(Q) N H2(Q), vy, H (Q), wy, vy EL? (Q), with the rod in
elastic state at the initial instant, i.e. |Wy.x|<C¢. Then the elastoplastic problem (1)—
(2) has a solution. The idea of formulating the above variational inequality in the form
shown crystallised after the discussions with A.V. Kazhikhov.
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